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The representation theory of the Virasoro algebra plays a crucial role in our understand- 
ing of strings and conformal field theories. An important feature of the Virasoro algebra is 
that it admits a central extension; it is only for positive values of the central charge c that 
non-trivial unitary representations can occur. 

Similar questions about the existence of unitary representations arise for the various 
extended conformal algebras, known generically as W algebras. These are generated by 
higher-spin conformal currents in addition to the spin-2 current, the energy-momentum 
tensor, which generates the Virasoro algebra. For example, the Wn algebras have currents 
of spins 2,3, . . ., N, for each of which there is a non-trivial central extension [1,2]. These 
algebras are non-linear, but there is an N — > oo limit, known as W^, in which linearity is 
regained [3]. However the algebra still retains the other feature of the Wn algebras 
mentioned above, namely that it has non-trivial central extensions in all the higher-spin 
sectors. There is a classical limit of W^, known as [4], in which all the central extensions 
in the higher-spin sectors are lost, leaving only the usual one in the Virasoro subalgebra. 
The Woo algebra can be truncated to what one may call wn, by setting all generators with 
spins greater than TV to zero. Among the extended conformal algebras, the wn and 
algebras are the simplest in structure. 

One might expect that the absence of central terms for higher spins in the wn and 
algebras should result in their unitary representations being equivalent to the usual Virasoro 
unitary representations. Since a simple and explicit proof of this can be given, it seems 
worthwhile to present it here. 

We shall consider the wn algebra first. It has conformal currents of spins 2, 3, . . . , N. 
Let w l m denote the m'th Fourier mode of the spin i + 2 current, where i — 0, 1, 2, . . . , N — 2. 
They satisfy 

[<, <} = [U + l)m - (i + l)n]w l +i n + ^(m 3 - m)5^5^5 m+nfi , (1) 

where on the right-hand side w l m + n is defined to be zero if i + j > N — 2. Note that the 
central extension is non-trivial only for the Virasoro sector. 

The Hilbert space of physical states consists of highest-weight states and their de- 
scendants. For the wn algebra, we can denote a highest- weight state by \h), where h = 
(h , hi, h 2 ,..., h N - 2 ), satisfying 

w l \h) = hi\h) , 
w'Jh) = 0, m > 1 

Descendant states are those created by acting on \h) with a string of u>L m 's, with m > 1. 
Unitarity of the Hilbert space requires the matrix of inner products of any set of physical 
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states to be non-negative. A particular case is the matrix of inner products of states w l _ m \h), 
with m > 1 and i = 0, 1, 2, . . . , TV - 2; 

My = (h\w m w j _ m \h) . (3) 

To see what we can learn about unitarity from this matrix, we look at the 1/73 and W4 algebras 
first, which are the first two wn extensions of the Virasoro algebra. 

The u> 3 algebra takes the form 

[L m , L n ] = (m - n)L m+n + — (m - m)5 m+n $ , 

[L m ,W n ] = (2m-n)W m+n , ( 4 ) 
[W m ,W n ] = 0, 

where L m and W m are the spin 2 and 3 generators. The matrix My is given by 

(M \ _ (Zmho + ^(m 3 - m) SmhA ( ) 

{M ^> ~ \ Smh! J ■ [b) 

One can easily see that for this matrix to be non- negative, it must be that h± — 0. Since there 
is no central term for W m , and, as we have just seen, the weight under Wq is zero, it follows 
that all descendant states involving W- m 's are spurious. The remaining descendant states 
are those of the Virasoro Verma module, and the conditions for their unitarity are standard, 
with no modification due to the higher-spin generators. Thus the unitary representations of 
w 3 are the same as the unitary Virasoro representations. 

The algebra takes the form 

[L m , L n ] = (m - n)L m+n + ^( m3 ~ rn)8 m+nfi , 
[L m , W n ] = (2m - n)W m+n , 

[Wm,W n ] =2(m-n)V m+n , ( 6 ) 
[L m , V n \ = (3m - n)V m+n , 
[W m ,V n ]=0=[V m ,V n ] , 

where L m , W m and V m are the spin 2, 3 and 4 generators. The corresponding matrix My is 

2mh + ^(m 3 — m) 3mh\ 4m/i2 
(My) = I Zmhx Amh 2 j (7) 

4m/i 2 

For the outer 2x2 sub matrix to be non- negative, we must have h 2 = 0. Now consider the 
upper diagonal 2x2 block. Having found that h 2 — 0, the requirement of non-negativity 
implies that hi = 0. So we have 

h! = h2 = 0. (9) 
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Thus unitary W4 representations are the same as unitary Virasoro representations. 

The pattern that we have seen in the two examples above continues for all the finite- N 
wn algebras. The matrix M of inner products (3) for the wn algebra is 



(Mij) 



\ 



3mhi 
4m/i2 

NmfiN-2 



3mhi 


4m/i2 • 


• Nmhisr- 


-2\ 


4m/i2 


5m/i3 • 







5mhs 


6m/i 4 • 
















/ 



(10) 



Following the same method as we used above, we get, for the matrix to be non-negative, 
that 

hi = h 2 = ■ ■ ■ = h N - 3 = h N - 2 = , (11) 

showing that the unitary representations of wn are the same as those of the Virasoro algebra. 

The Woo algebra is somewhat different from the finite- iV algebras, since it has 
infinitely-many conformal currents. The algebra takes the same form as (1); 



w 



•I, <] = [(j + l)m - (i + l)n]w£l n + -(m 3 - m)5^5^5 m+n , , 



(12) 



except that now we have i — 0, 1,2,. ..,00. A highest- weight state \h) satisfies 

w l \h) = hi\h) , 
w'Jh) = 0, m > 1 . 



(13) 



The M matrix is now infinite dimensional, given by 



(Mij) 



( 2mho + (m 3 — m) 3mhi Amh2 

3mhi Amh 2 5mhs 

Amh 2 5m/i 3 Qmh± 

V ; ; ; 



J 



(14) 



The method we used for the wn algebras, starting by considering the outer 2x2 submatrix, is 
not appropriate in this infinite-dimensional case. Instead, we first consider another subspace 
of physical states, consisting of 



a) = w% m \h), \P) 



[W 



'\h) , i > 1, m > 1 . 



(15) 



The inner products in this two-dimensional subspace are 
(a\a) = (h\wf m w% m \h) = 4m(2z + l)h Ai , 

W) = (hKwlfiwiJ^h) = 8m 2 (t + l) 2 h 2 2i + Am\i + \){2i + \fh u , (16) 
{(3\a) = (h\(w l m ) 2 w 2 _\ m \h) = 2m 2 (4i + 3)(2i + l)h u , 
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where we have used the conditions (13) for highest-weight states. The matrix of inner 
products in this subspace is 

The unitarity of this space requires Det(iVij) > 0, i.e. 

(a\a}({3\[3) - (a\p)((3\a) >0 . (18) 

Substituting (16), we find 

Det(TVy) = 32m 3 (2i + l)(i + l) 2 h u h 2 2l - Am 4 (2i + l) 2 (8i 2 + 12i + h)h 2 u . (19) 

Since i > 0, it follows that for sufficiently large m, Det(A^j) is negative, unless = when 
% > 1. In the above calculations, we see that it is crucial that there are no central extensions 
in the i > 1 sectors. 

Having established that = for i > 1, we may now apply the previous argument 
that we used for the wn algebras, where we choose 2x2 submatrices of the inner products 
{Mij) given in (14), with h^i as a diagonal entry. This immediately shows that all the h^s 
except ho are zero. For example, knowing /14 = 0, the submatrix 

/ Amh 2 5mh 3 \ ^ 
y5mhs 6m/i4 y 



of (14) tells us that h% = 0. The submatrix 

(21) 



2m/io + !%( m3 — rn ) 4m/i 2 \ 
4m/i2 6m/i4 y 

then tells us that hi — 0, and so on. Thus we arrive at the conclusion that unitary repre- 
sentations of the Woo algebra coincide with Virasoro unitary representations. 

There are other interesting examples in the w algebra family, namely the wi + n algebras 
(including the N — > 00 limit). They have the spin-1 current to -1 besides all the currents in 
the wn algebra. They take the same form as (1), but with i and j now allowed to range 
from — 1 to N — 2. They allow a central extension also in the spin-1 sector, with a central 
charge c that is independent of the spin-2 central charge c: 

fam, = Cmd m+nj0 ■ (22) 

Denoting by the w^ 1 weight of a highest-weight state, the M matrix (3) is now 
given by 

/ cm mh-i 2mho ' "\ 



Wo) 



mh-i 2mho + ^(m 3 — m) 3mhi 
2mho 3mhi 4mhi 



(23) 



The arguments that we used previously for wn and can be applied mutatis mutandis to 
wi + n and wi +00 . One immediately concludes that here too, = h\ — hi — hz — ■ • •■ The 
new feature here is that one must also demand the non-negativity of 2 x 2 submatrices in 
(23) that have cm as the upper-left entry. By taking the case where the lower-right entry 
is 4m/i2, one can see that ho must be zero. Then, taking the upper-left 2x2 submatrix in 
(23), with m — 1, one sees that h-i must also vanish. Thus we have 

= h- 1 = ho = h 1 = h 2 = --- ■ (24) 

So for any wi+n algebra, including wi+oo, its unitary representations are totally trivial. The 
only state in its Hilbert space is the SL(2, i?) -invariant vacuum |0). 
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